The mixed spin-(1/2, 1) Ising model on two fully frustrated triangles-in-triangles lattices is exactly solved with the help of the generalized star-triangle transformation, which establishes a rigorous mapping correspondence with the equivalent spin-1/2 Ising model on a triangular lattice. It is shown that the mutual interplay between the spin frustration and single-ion anisotropy gives rise to various spontaneously ordered and disordered ground states, which differ mainly in an occurrence probability of the non-magnetic spin state of the integer-valued decorating spins. We have convincingly evidenced a possible coexistence of the spontaneous long-range order with a partial disorder within the striking ordereddisordered ground state, which manifest itself through a non-trivial criticality at finite temperatures as well. A rather rich critical behaviour including the order-from-disorder effect and reentrant phase transitions with either two or three successive critical points is also found.
Introduction
Two-dimensional frustrated Ising spin systems have been actively studied during the past few decades, because the spin frustration usually manifests itself at low enough temperatures through intriguing phase transitions and magnetic properties (see Refs. [1, 2] and references therein). The term spin frustration is ascribed to an incapability of spins to find an optimal spin configuration, which would simultaneously satisfy all interactions between spins. The spin frustration can arise either from a mutual competition between different interactions or from a geometric topology of the considered lattice. It is worthwhile to remark that several two-dimensional frustrated Ising models have been solved quite rigorously and those exact solutions have brought a deeper understanding into a variety of striking phenomena such as an existence of highly degenerate ground states with a non-zero residual entropy [1] or reentrant phase transitions with a few successive critical points [2] . The antiferromagnetic spin-1 2 Ising model on a triangular lattice was presumably the first exactly solved model with the macroscopically degenerate ground state having a non-zero residual entropy [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] , while the spin-1 2 Ising model on a centered square (union jack) lattice with the competing (antiferromagnetic) next-nearestneighbour interaction was likely the first exactly solved model showing reentrant phase transitions [14, 15, 16] . An absence of finite-temperature phase transition above the highly degenerate ground state has been later rigorously proved for the spin-1 2 Ising model on a kagomé lattice [17, 18] , fully frustrated square, triangular and honeycomb lattices [19, 20] , brickwork lattice [21] , chessboard lattice [22] , pentagon lattice [23, 24] , triangular kagomé lattice [25, 26] and others.
Although it could be naively expected that the macroscopic degeneracy of the ground state ultimately inhibits spontaneous long-range order, some twodimensional frustrated Ising models with the highly (but not too highly) degenerate ground state exhibit a striking coexistence of spontaneous long-range order with a partial disorder. Indeed, the exact solutions for the spin-1 2 Ising model on a centered square lattice [14, 15, 16] , piled-up and zig-zag domino lattices [27] , centered honeycomb lattice [28, 29] and generalized kagomé lattice [29, 30, 31] have convincingly evidenced a presence of incomplete spontaneous order with a considerable value of the residual (zero-point) entropy. It is noteworthy that the reentrance with a few successive critical points is also observed in most of the aforementioned exactly solved Ising models. Besides, the spin-1 2 Ising model on a domino lattice shows a spectacular phenomenon called as order-from-disorder effect [32, 33, 34] , which refers to an imperfect spontaneous order that is thermally induced just above a disordered ground state. The fact that thermal fluctuations may produce a spontaneous order above a disordered ground state by selecting a state with the largest entropy obviously represents a highly contra-intuitive cooperative phenomenon.
The mixed-spin Ising models represent probably the most natural extensions of the simple spin-1 2 Ising model. The foremost reason for a theoretical investigation of the mixed-spin Ising models closely relates to a more diverse critical behaviour they usually display compared with their single-spin counterparts. Despite a great effort, there are only a few exactly solved examples of the frustrated mixed-spin Ising models on two-dimensional lattices so far. Among these, one could mention the mixed-spin Ising model on a honeycomb lattice [35] , centered square lattice [36, 37, 38] , diced lattice [39] and decorated Bethe lattice [40] , in which the competing character of the further-neighbour interac-tion causes an appearance of reentrant phase transitions. The main goal of the present paper is to exactly treat a mixed spin-( 1 2 , 1) Ising model on two fully frustrated triangles-in-triangles lattices, which provide a useful playground for investigating phase transitions induced by the spin frustration.
The outline of the present paper is as follows. In Section 2, the model under investigation will be described in detail and basic steps of the exact solution will be clarified. In Section 3, the detailed discussion of the most interesting results will be presented. In particular, we will describe the ground-state and finitetemperature phase diagrams, temperature variations of the sublattice magnetizations and quadrupolar moment. The Section 4 brings some conclusions and future outlooks.
Model and method
Let us introduce a mixed spin-1 2 and spin-1 Ising model on two geometrically related TIT lattices, which are schematically depicted in Fig. 1 (a)-(b). As one can see from this figure, both considered TIT lattices can be derived from a simple triangular lattice by decorating its faces with additional triangles of sites. TIT1 lattice shown in Fig. 1(a) is obtained by placing an additional triangle of decorating sites into each up-pointing triangle of the underlying triangular lattice, while TIT2 lattice from Fig. 1(b) is designed by placing an extra triangle of decorating sites into each triangle of the underlying triangular lattice. With respect to this, the lattice sites of the underlying triangular lattice will be referred to as nodal sites, while the new lattice sites of the additionally placed triangles will be called as decorating sites. Suppose furthermore that the nodal and decorating lattice sites are occupied by the Ising spins σ = 
where σ l = ± 1 2 and S i = ±1, 0 are the Ising spin variables placed at the nodal and decorating lattice sites, respectively, N denotes the total number of the nodal lattice sites and γN labels the total number of the decorating triangles (i.e. γ = 1 for the TIT1 lattice shown in Fig. 1 (a) and γ = 2 for the TIT2 lattice displayed in Fig. 1(b) ). The parameter J marks the pair interaction between the nearest-neighbour decorating spins, the parameter J 1 is the pair interaction between the nearest-neighbour nodal and decorating spins, respectively, and the parameter D stands for the single-ion anisotropy acting on the decorating spins only. For further convenience, it is advisable to rewrite the total Hamiltonian (1) as a sum over Hamiltonians of the six-spin star clusters schematically illustrated on the left-hand-side of Fig. 1(c) 
, 1) Ising model on two considered TIT lattices and its rigorous mapping to the effective spin- with
Note that the convention σ k,4 ≡ σ k,1 and S k,4 ≡ S k,1 is used in the definition (3) of the cluster Hamiltonian H k , which involves all the interaction terms belonging to the kth six-spin star cluster. Apparently, the summations over spin degrees of freedom of the decorating spins from different cluster Hamiltonians (3) can be performed independently of each other and hence, the partition function of the mixed-spin Ising model on the TIT lattices can be formally written in this compact form
where β = 1/(k B T ), k B is Boltzmann's constant, T is the absolute temperature and the relevant product runs over all six-spin star clusters. After summing up over the spin degrees of freedom of the decorating Ising spins S k,1 , S k,2 and S k,3 , the effective Boltzmann's weight Z k solely depends on the three nodal Ising spins σ k,1 , σ k,2 and σ k,3 . Moreover, the explicit form of the relevant Boltzmann's factor automatically suggests a possibility to implement the generalized startriangle transformation [41, 42, 43, 44] , which is schematically illustrated in Fig. 1(c) -(d) and mathematically given by
The star-triangle transformation (5) actually represents a set of eight equations corresponding to eight different spin configurations of the three nodal Ising spins, but one merely gets just two independent equations from this set (on assumption that the external magnetic field is absent) that unambiguously determine so far unspecified mapping parameters A and J eff
In above, the expression V 1 denotes the effective Boltzmann's weight that corresponds to two particular uniform spin configurations with a parallel orientation of all three nodal Ising spins
while the other expression V 2 represents the effective Boltzmann's weight corresponding to six non-uniform spin configurations in which one out of three nodal Ising spins is aligned in opposite with respect to the other two
By inserting the star-triangle transformation (5) into the relation (4) one obtains an exact mapping relationship between the partition function Z of the mixed spin-( 
which is defined through the Hamiltonian
Hence, it follows that the partition function of the mixed-spin Ising model on the TIT lattices can be easily obtained from the corresponding exact result for the partition function of the spin-
Ising model on a triangular lattice [3, 4, 5, 6, 7, 8] . It is quite apparent from Eqs. (9) and (10) that the only difference in an exact treatment of both investigated TIT lattices lies in a relative strength of the effective coupling of the equivalent spin-1 2 Ising model on a triangular lattice, which is two times greater for the TIT2 lattice than that of the TIT1 lattice. Using the established mapping equivalence (9) between the partition functions, all basic thermodynamic quantities of the mixed-spin Ising model on the TIT lattices can be readily calculated from the relevant quantities of the effective spin-1 2 Ising model on a triangular lattice thoroughly investigated in several previous studies [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] .
For illustration, let us calculate spontaneous magnetizations of the nodal and decorating Ising spins, respectively. Adopting the exact mapping theorems developed by Barry et al. [45, 46, 47, 48, 49] , the canonical ensemble average of any function of the nodal spins performed within the mixed-spin Ising model on the TIT lattice directly equals to the canonical ensemble average of the same function of the nodal spins in the corresponding spin-1 2 Ising model on a triangular lattice
It directly follows from Eq. (11) that the spontaneous magnetization m σ of the nodal spins in the mixed-spin Ising model on the TIT lattice equals to the spontaneous magnetization m IM of the equivalent spin- 
According to this, one may obtain an exact expression for the spontaneous magnetization of the nodal spins from the spontaneous magnetization of the spin- 
whereas the parameter z = exp(−γβJ eff /2) depends just upon the effective coupling unambiguously given by Eq. (6).
On the other hand, the spontaneous magnetization of the decorating spins can be rigorously calculated by adopting of the generalized Callen-Suzuki identity [50, 51, 52] , which allows us to get the canonical ensemble average of any function of the decorating spins S k,i (i = 1, 2, 3) from the exact spin identity
After straightforward but a little bit cumbersome calculation based on the exact spin identity (14) , the spontaneous magnetization m S of the decorating spins in the mixed spin-( 
For completeness, let us recall here the relevant exact result for the triplet correlation function
Ising model on the triangular lattice [13] 
together with the explicit form of two newly defined parameters W 1 and W 2
Next, let us take advantage of the generalized Callen-Suzuki identity (14) in order to calculate the quadrupolar moment of the decorating spins. Following the procedure worked out previously one is also able to derive the precise formula
according to which the quadrupolar moment is expressed in terms of the nearestneighbour pair correlation function ρ IM = σ k,1 σ k,2 IM of the corresponding spin- 
Last but not least, we will propose a suitable criterion in order to determine critical points of the mixed spin-( (13), (15) and (16) 
where β c = 1/(k B T c ) and T c is a critical temperature. The expressions V 1 (β c ) and V 2 (β c ) denote the Boltzmann's weights given by Eqs. (7) and (8) except that the inverse critical temperature β c enters the respective formulas instead of β.
Results and discussion
Now, let us proceed to a discussion of the most interesting results for the mixed spin-( 1 2 , 1) Ising model on the two considered TIT lattices, which have been derived in the foregoing section. Although all the results derived previously are valid regardless of whether the interaction constants J and J 1 are ferromagnetic or antiferromagnetic, henceforth we will restrict our attention only to a detailed analysis of the special case with the ferromagnetic coupling J 1 > 0 because the consideration of the antiferromagnetic coupling J 1 < 0 would merely cause a trivial change in a relative orientation of the nearest-neighbour nodal and decorating spins. By contrast, the respective change in the coupling J between the nearest-neighbour decorating spins has a significant impact upon the overall magnetic behaviour of the mixed spin-( 1 2 , 1) Ising model on the TIT lattices, since the antiferromagnetic interaction J < 0 is responsible for an emergence of the geometric spin frustration that may demolish a spontaneous long-range order unlike the ferromagnetic interaction J > 0. With regard to this, we will explore magnetic properties of the mixed spin-( , 1) Ising model on two considered TIT lattices. Both phase diagrams are different only in a character of the ODP phase, which is critical (spontaneously ordered) on the TIT1 (TIT2) lattice. A dark-shaded (orange) area in Fig. 2(a) corresponds to the parameter space, above which the spontaneous order is thermally induced by the order-from-disorder effect. The numbers in square brackets determine in a respective order the spontaneous magnetization of the nodal spins mσ, the spontaneous magnetization m S and quadrupolar moment q S of the decorating spins. To begin with, let us specify all available ground states of the mixed spin-( 1 2 , 1) Ising model on the two considered TIT lattices. By inspection, one finds in total two spontaneously long-range ordered phases (OP1 and OP2), three disordered phases (DP1, DP2 and DP3) and one remarkable ordereddisordered phase (ODP) with a possible coexistence of the spontaneous order with a partial disorder. The ground-state phase diagram of the mixed spin-( 1 2 , 1) Ising model on the two investigated TIT lattices, which is displayed in Fig. 2 , shows a region of stability of the relevant ground states. The individual ground states can be easily discerned according to zero-temperature values of the effective coupling βγJ eff , the spontaneous magnetization m σ of the nodal spins, the spontaneous magnetization m S and quadrupolar moment q S of the decorating spins, which are listed in Table 1 for all available ground states as calculated from the respective asymptotic limits of Eqs. (6), (13) , (15) and (18) .
Let us briefly describe spin arrangements of all possible ground states. The spontaneously ordered ground state OP1 can be characterized by a perfect ferromagnetic spin arrangement of all decorating as well as nodal spins, which is realized whenever the conditions Table 1 , the ground state ODP of the mixed spin-( Ising model on a triangular lattice. However, the finite value of the effective coupling for the ODP implies a striking coexistence of the spontaneous order with a partial disorder even at zero temperature, which is in agreement with the unsaturated asymptotic values of the spontaneous magnetizations m σ ≃ 0.49852 and m S ≃ 0.33329 of the nodal and decorating spins, respectively (see Table 1 for the precise asymptotic results). The exact result for the quadrupolar moment would suggest that two decorating spins per each decorating triangle become non-magnetic, while there is almost perfect spontaneous ferromagnetic order of the nodal spins and the remaining part (one third) of the decorating spins.
Next, we will turn our attention to a detailed analysis of the critical behaviour of the mixed spin-( Fig. 3(a) ). On the other hand, the critical behaviour becomes much more intricate for the antiferromagnetic interaction between the nearest-neighbour decorating spins J < 0, which is for better clarity depicted in Fig. 3(b) in an enlargened scale. Under this condition, a part of critical lines passing through the unshaded (white) region corresponds to the critical points of OP1, a part of critical lines passing through the lightshaded (yellow) region corresponds to the critical points of OP2 and a part of critical lines passing through the dark-shaded (orange) region is pertinent to the critical points of ODP. Thus, it surprisingly turns out that the temperature may induce the spontaneous long-range order just above the critical ground state ODP through the order-from-disorder effect, but only in a rather restricted parameter space given by
that is highlighted in the ground-state phase diagram (Fig. 2(a) ) by the dark-shaded (orange) region. It is also quite clear from Fig. 3(b) that the antiferromagnetic coupling between the nearest-neighbour decorating spins J < 0 leads in combination with a sufficiently strong but not too strong easy-plane single-ion anisotropy
to an emergence of another kind of reentrant phase transition with two successive critical points.
For comparison, the critical temperature of the mixed spin-( . Altogether, the most crucial difference in the critical behaviour of the two considered TIT lattices can be viewed in a greater resistance of the TIT2 lattice with respect to the spin frustration. As a matter of fact, the mixed spin-( −0.5, reentrant phase transitions with three successive critical points can be detected. This reentrance reflects three consecutive temperature-induced phase transitions from the spontaneously ordered phase OP2 to the disordered paramagnetic phase, the disordered paramagnetic phase to the partially ordered and partially disordered phase ODP and vice versa.
In the following, we will confirm the unexpectedly diverse critical behaviour reported previously through an investigation of typical thermal dependences of the spontaneous magnetization. For this purpose, temperature variations of the , 1) Ising model on the TIT1 lattice for one fixed value of the interaction ratio
and several values of the single-ion anisotropy. Fig. 6(a) (Fig. 6(b) ) shows the spontaneous magnetization of the nodal (decorating) spins. Broken lines corresponds to special points of phase coexistence.
of the nodal spins. It is worthwhile to remark, moreover, that the spontaneous magnetizations rising from zero serve in evidence of a peculiar spontaneous order, which can be thermally induced above the critical ground state ODP if the single-ion anisotropy is chosen from the range −1− Table 1 for the ODP (m σ ≃ 0.49852 and m S ≃ 0.33329). Second, Fig. 8(a) proves an existence of three successive reentrant phase transitions of the mixed-spin Ising model on the TIT2 lattice in a vicinity of the ground-state phase boundary between OP2 and ODP. The proposed mechanism for the triple reentrance including continuous phase transitions between the spontaneously ordered phase OP2 and the disordered paramagnetic phase, the disordered paramagnetic phase and the ordered-disordered phase ODP and vice versa, are fully consistent with the appropriate values of the spontaneous magnetizations of the nodal and decorating spins. Third, the double reentrance with two successive phase transitions is illustrated in Fig. 8(b) for the mixed spin-( , 1) Ising model on the TIT2 lattice for one fixed value of the interaction ratio
and several values of the single-ion anisotropy. Fig. 7(a) (Fig. 7(b) ) shows the spontaneous magnetization of the nodal (decorating) spins. The single-ion anisotropy changes in Fig. 7 (a) in a ascending order along the direction of arrow using the same values as in Fig. 7(b) . with a relatively strong ferromagnetic coupling between the nearest-neighbour decorating spins. It should be remembered that this kind of double reentrance can be found in the analogous mixed-spin Ising model on the TIT1 lattice only if the nearest-neighbour decorating spins are coupled by a rather weak ferromagnetic interaction 
Conclusion
The present article deals with the mixed spin-( 1 2 , 1) Ising model on two geometrically frustrated TIT lattices, which has been exactly solved through the generalized star-triangle transformation establishing a rigorous mapping equivalence with the corresponding spin-1 2 Ising model on a triangular lattice. Within the framework of this precise mapping correspondence, we have derived exact results for the partition function, the spontaneous magnetization of the nodal spins, the spontaneous magnetization and quadrupolar moment of the decorating spins along with the critical condition allocating critical points. It has been evidenced that the variety of ordered, disordered and ordered-disordered ground states emerge owing to a mutual interplay between the spin frustration and single-ion anisotropy, which is simultaneously responsible for a diverse critical behaviour including the order-from-disorder effect and reentrant phase transitions with either two or three successive critical points.
Although the exact treatment of the mixed spin-( Ising model on a triangular lattice, it turns out that this rather small technical difference might cause a significant change in a character of some ground states and the overall critical behaviour. The most outstanding finding of the present work certainly represents a possible coexistence of the spontaneous order with a partial disorder within the ODP. While a striking coexistence of the spontaneous order with disorder ODP is just thermally induced through the order-from-disorder effect in the mixed-spin Ising model on the TIT1 lattice, the analogous model defined on the TIT2 lattice exhibits this remarkable ordered-disordered state even at zero temperature. Besides, it has been also demonstrated that the latter model on the TIT2 lattice generally exhibits more pronounced reentrance extending over broader parameter space than the former model on the TIT1 lattice.
